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Euler-Langrange Dynamics

The dynamics of a mechanical system with coordinates ¢, kinetic energy K and
potential energy V' which is subject to the forces f is governed by the Euler-
Lagrange equations

d ) .
@VqL(q, q) = Vql(q,q) = f

where the Lagrangian L of the system is defined as
L(q,q) = K(g:4) = V(a)-
Since the kinematic energy varies quadratically with the velocity,

K(gd) = 50 M()i

for some mass matrix M(q) which is symmetric and positive (semi-)definite.
Using this expression in the Euler-Lagrange equations provides

M(q)j=f—VqV(g)+ f*

where f¢ are — by definition — the Coriolis and centrifugal forces:

£ = ~Nia, )i + 5 V(i M(a)d)
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Coriolis and Centrifugal Forces

Since f¢ = —M(q, ) + %Vq(q'tM(q)q'), every component ff of the Coriolis
and centrifugal forces varies quadratically with the velocity: we can find some
matrix I'; such that

ff=—¢'Tig=— ZQjFiijk
J.k
Indeed, we have
. . 10 . .
fi=- Z Mijg; + 290 Z%‘Mjk%
J gk
and thus

c __ aMij. . 18Mjk, .
fi —Z( 9q. #9550 Qk%>

gk

Swapping the indices j and k yields
D> s = ZZ g, Ui =200 g ks
J k j ok J

and thus we may also write

L =1 (0My | OMy  OMy) . .
fi= Z (8% * 0q; 0q; )qkq]

hence we may define

I — 1 (8Mij OM;;. 8MJ;€>
x Iqx dq; 0q;

These I';j; are called the Christoffel symbols of the first kind of M (q).

Mechanical Energy

Let C(q, ¢) be the matrix defined as
Cij = Zrz‘ijk~
k
By construction f. = —C(q, ¢)q¢ thus the Euler-Lagrange equations become

M(q)i+Clq,4)d = f — V4V (q).


https://en.wikipedia.org/wiki/Christoffel_symbols

Consider the matrix S := M — 2C. Since

Sij = [M —2C];; = 0 =l Z(a j+8 Lo Jk)‘]k
3

oqr F Oqi, 0q; 0q;
_§:<w%k_8Mﬁ>q
—~\ Ogi ag; )"

Vi, Vj, Sij = —Sji

it is skew-symmetric:

or equivalently?!,
Yo eR", v'Sv=0.

The mechanical energy of a Euler-Lagrange systems is defined as

E(q,q) = K(q,49) +V(q)-

It time derivative satisfies
B =q'M(q)j+ %ch (@)d+ VV ()i
and thus
B = (~Cla.0)d+ f ~ V(@) + 3@ M(a)i + YV (a)d
= f'q+ 5d'Si
and since S is skew-symmetric
E=f-q.

In plain words: the derivative of the mechanical energy is equal to the power
transferred to the system by non-conservative external forces.

MIf v*Sv = 0 for every v, then v = e; yields S;; = 0 and v = e; +e; yields S;; + S;; + Sij +
Sj; = 0 and thus S;; = —S;;. On the other hand, if S;; = —Sj; for every i and j, then since
every vectory v may be represented as a combination v = ZZ Aie;, we have

VS =3 T SiAidy = Y Sudidi 3 S+ Y Siid
%)

i<j i i>j

= ZSij)\i)\j + ZO X ()\1)2 — Z S]w;)\])\i
i<j i 7<i

=0.
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